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The Grishchuk–Zel’dovich effect is the contribution to the microwave background anisotropy from
an extremely large scale adiabatic density perturbation, on the standard hypothesis that this per-
turbation is a typical realization of a homogeneous Gaussian random field. We analyze this effect
in open universes, corresponding to density parameter Ω0 < 1 with no cosmological constant, and
concentrate on the recently discussed super-curvature modes. The effect is present in all of the low
multipoles of the anisotropy, in contrast with the Ω0 = 1 case where only the quadrupole receives a
contribution. However, for no value of Ω0 can a very large scale perturbation generate a spectrum
capable of matching observations across a wide range of multipoles. We evaluate the magnitude
of the effect coming from a given wavenumber as a function of the magnitude of the density per-
turbation, conveniently specified by the mean-square curvature perturbation. From the absence
of the effect at the observed level, we find that for 0.25 ≤ Ω0 ≤ 0.8, a curvature perturbation of
order unity is permitted only for inverse wavenumbers more than one thousand times the size of
the observable universe. As Ω0 tends to one, the constraint weakens to the flat space result that
the inverse wavenumber be more than a hundred times the size of the observable universe, whereas
for Ω0 < 0.25 it becomes stronger. We explain the physical meaning of these results, by relating
them to the correlation length of the perturbation. Finally, in an Appendix we consider the dipole
anisotropy and show that it always leads to weaker constraints.
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I. INTRODUCTION
The Grishchuk–Zel’dovich effect gives the contribu-
tion to the microwave background anisotropy from a
very large scale adiabatic density perturbation, under
the standard hypothesis that this perturbation is a typi-
cal realization of a homogeneous Gaussian random field.
In this paper we place upper bounds on the spectrum
of density perturbations on very large scales in an open
universe, corresponding to a density parameter Ω0 < 1
with no cosmological constant.
In order to facilitate the discussion, let us make
the usual assumption that the microwave background
anisotropy, as well as the large scale structure, arises
entirely from the spectrum of density perturbations. It
is convenient to work not with the density perturbation
itself, but with the primordial curvature perturbation
that corresponds to it. On scales much smaller than
the observable universe the spectrum of the primordial
curvature perturbation can be probed directly, because
there is a wealth of data relating to such scales. At the
most direct level (though of course oversimplified) one
can Fourier analyze the observed galaxy number density,
and the primordial curvature perturbation on each scale
is then related to the Fourier coefficient, up to uncer-
tainties regarding the correct transfer function and the
possibility of biased galaxy formation. In this way one
finds that the primordial spectrum is approximately scale
independent.
On larger scales the only relevant data consist of
the low multipoles of the cosmic microwave background
anisotropy, and here the situation is less clear-cut.
Roughly speaking these low multipoles measure the low-
order spatial derivatives of the curvature perturbation,
averaged over the observable universe. For this reason,
the standard hypothesis is that they probe the spectrum
on scales of order the size of the observable universe. If
the spectrum is taken to be the scale-independent extrap-
olation of the one measured on smaller scales, this will
indeed give a good account of the data, for either flat or
open universes.
The question is whether the spectrum on scales much
larger than the observable universe could mimic the same
effect. Could the low derivatives of the curvature pertur-
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bation, measured by the cosmic microwave background
anisotropy, come from very long wavelength and large
amplitude contributions to the spectrum? More gener-
ally, what upper limit can one place on the long wave-
length spectrum of the curvature perturbation, by re-
quiring that its contribution to the low multipoles be no
bigger than the observed total?
For a spatially flat universe this question was asked,
and essentially answered, by Grishchuk and Zel’dovich
[1]. They found that a very long wavelength contribu-
tion would be present only in the quadrupole, and such
a contribution has come to be known as the Grishchuk–
Zel’dovich effect. On the basis of upper bounds on the
quadrupole existing at that time, they showed that if the
geometry distortion is of order unity on some very large
scale, then that scale must be at least a factor of a hun-
dred bigger than the observable universe.
In the case of a flat universe, little has changed since
their pioneering paper. Despite the fact that the large an-
gle anisotropies have now been measured by the COBE
satellite [2], there is no indication of a contribution
from very large scales affecting the quadrupole, making
it stand out relative to the higher multipoles. Conse-
quently, one still has only a limit on how quickly the
perturbation spectrum can rise on large scales and the
numerical value of the scale at which the curvature per-
turbation can reach unity is not much changed.
Now let us turn to the Grishchuk–Zel’dovich effect in
the open universe, which necessarily explores scales on
which spatial curvature is significant barring the excep-
tional case that Ω0 is very close to one. Until recently,
considerable confusion existed about the correct treat-
ment of such scales. In order to describe a cosmologi-
cal perturbation one performs a mode expansion, using
eigenfunctions of the comoving Laplacian so that, to first-
order, each mode decouples. It has long been known to
cosmologists that in the open universe any square inte-
grable function can be generated using only sub-curvature
modes, defined as those whose eigenvalue is in the range
−∞ to −1 in units of the curvature scale. Presumably
with this in mind, cosmologists have retained only these
modes in the expansion. But in the cosmological appli-
cation we want to generate not a single function but a
Gaussian random field, consisting of a set of functions
together with a probability distribution, and this is done
by assigning an independent Gaussian probability distri-
bution to each coefficient in the mode expansion. (The
spectrum is essentially the variance of the Gaussian dis-
tribution, and it defines the random field completely.)
Cosmologists have only recently [3] discovered the fact,
known to mathematicians for half a century [4], that the
most general homogeneous Gaussian random field con-
tains modes with eigenvalue in the entire range from
−∞ to 0, including not only the sub-curvature modes
but also super-curvature modes, with eigenvalues in the
range −1 to 0. (An illustration of the need for super-
curvature modes is provided by equation (13) below; it
shows that the correlation length, defined as the distance
out to which the correlation function is roughly constant,
can be arbitrarily large if super-curvature modes are in-
cluded, whereas it is at most of order the curvature scale
if these modes are omitted.)
The Grishchuk–Zel’dovich effect explores by definition
scales that are much bigger than the size of the observable
universe, so, ignoring for the moment the exceptional case
that Ω0 is very close to one, it necessarily explores very
large super-curvature scales corresponding to an eigen-
value close to zero. This fact was first recognized in [3],
previous analyses [5–7] having failed to recognize it. On
the other hand, in the limit of infinitely large scales the
perturbations become homogeneous and thus can be rep-
resented by superpositions of Bianchi type V models [8]
which are the anisotropic generalization of the open FRW
metric. The microwave background anisotropy in such
models has been discussed elsewhere [9]. The present
paper explores the Grishchuk–Zel’dovich effect in detail
for the first time, quantifying the upper bound that can
be placed on the spectrum and explaining its physical
significance.
II. MODE FUNCTIONS AND MICROWAVE
ANISOTROPIES
The line element for an open universe can be written
as
ds2 = −dt2 + a2(t)
[
dr2 + sinh2 r
(
dθ2 + sin2 θ dφ2
)]
.
(1)
In this expression a(t) is the scale factor of the universe,
normalized so that the spatial curvature scalar is
R(3) = −6/a2 . (2)
Space is practically flat on scales much less than a(t) but
strongly curved on much larger scales, so one may call
the distance a(t) the physical curvature scale. In these
units, the comoving curvature scale is unity.
The Friedmann equation can be written
1− Ω =
1
(aH)2
, (3)
where as usual H = a˙/a is the Hubble parameter, and
the time-dependent quantity Ω is the energy density mea-
sured in units of the critical density 3H2/8piG. From this
equation it is clear that the Hubble distance H−1 is al-
ways less than the curvature scale.
It is useful to employ conformal time, defined by
η ≡
∫
dt/a(t), which has the interpretation of being the
coordinate distance to the particle horizon. Its present
value η0 is an excellent approximation to the distance to
the last scattering surface and, making the approxima-
tion (valid except for very low Ω0) that the universe can
be treated as matter dominated since last scattering, it
is given by
2
η0 = cosh
−1
[
2− Ω0
Ω0
]
, (4)
where subscript ‘0’ always indicates present value. For
Ω0 < 2/(1+cosh1) ≃ 0.786, the surface of last scattering
is located beyond the curvature scale.
In analyzing the Grishchuk–Zel’dovich effect, one
needs the full paraphernalia of mode functions appro-
priate to an open universe. This has recently been given
in considerable detail by Lyth and Woszczyna [3], and
we shall simply repeat the formulae here. The mode ex-
pansion of a generic function f is
f(r, θ, φ, t) =
∫ ∞
0
dk
∑
lm
fklm(t)Πkl(r)Ylm(θ, φ) , (5)
Here −(k/a)2 is the eigenvalue of the Laplacian cor-
responding to the eigenfunction Πkl(r)Ylm(θ, φ). For
brevity we shall refer to k/a as the wavenumber, even
though one cannot usefully define plane waves in curved
space.
We introduce the notation q2 = k2 − 1; sub-curvature
modes correspond to 0 < q2 < ∞ and super-curvature
modes correspond to −1 < q2 < 0. The angular functions
are the usual spherical harmonics. The radial functions
Πkl for the sub-curvature modes are given by [10]
Πkl ≡ NklΠ˜kl , (6)
Π˜kl ≡ q
−2(sinh r)l
(
−1
sinh r
d
dr
)l+1
cos(qr) , (7)
Nkl ≡
√
2
pi
q2
l∏
n=0
(n2 + q2)−1/2 . (8)
For the super-curvature modes they can be obtained by
analytic continuation [3]
Πkl ≡ NklΠ˜kl , (9)
Π˜kl ≡ |q|
−2(sinh r)l
(
−1
sinh r
d
dr
)l+1
cosh(|q|r) , (10)
Nkl ≡
√
2
pi
|q|
l∏
n=1
(n2 + q2)−1/2 (l ≥ 1) . (11)
To construct a Gaussian random field the amplitude
fklm of each mode is given an independent Gaussian
probability distribution, whose variance is defined by the
spectrum Pf (k) through
〈f∗klmfk′l′m′〉 =
2pi2
k|q|2
Pf(k)δ(k − k
′)δll′δmm′ , (12)
where the angle brackets denote the ensemble average.
It determines the two-point correlation function through
the relation
〈f(1)f(2)〉 =
∫ ∞
0
dk
k
Pf (k)
sin(qr)
q sinh r
. (13)
The correlation function depends only on the geodesic
distance ar between the comoving points 1 and 2 pro-
vided that the spectrum is independent of l and m, and
the Gaussian field is then said to be homogeneous (with
respect to the group of transformations leaving the dis-
tance invariant). Evaluated at r = 0 it gives the position-
independent mean-square
〈f2〉 =
∫ ∞
0
dk
k
Pf(k) . (14)
We are interested in the perturbation δR
(3)
klm in the cur-
vature scalar of comoving hypersurfaces (those orthogo-
nal to comoving worldlines), away from its average value
6/a2. It is conveniently characterized by a quantity R
defined by
4(k2 + 3)Rklm/a
2 = δR
(3)
klm . (15)
After matter domination (which is the only era that con-
cerns us) R is practically constant until Ω breaks away
from 1. Before that happens, R is equal to −5/2 times
the gauge invariant gravitational potential Φ [11], but
afterwards Φ is multiplied by a factor F (η) defined by
F (η) = 5
sinh2 η − 3η sinh η + 4 coshη − 4
(cosh η − 1)3
. (16)
As long as it is constant, R is related to the density
perturbation on comoving hypersurfaces by
δρ
ρ
=
2
5
k2 + 3
a2H2
Rklm . (17)
From now on R will refer exclusively to the constant,
early time value.
The only important effect on the cosmic microwave
background anisotropy from large scales will be gravi-
tational, through the usual Sachs–Wolfe effect. As the
usual practice is to work with the monopole and dipole
subtracted from measured anisotropies, we shall concen-
trate on the multipoles from the quadrupole (l = 2) up-
wards. However, one must also consider the question of
whether or not the dipole induced by the perturbations
is compatible with observations, and we discuss this in
the Appendix.
Following Lyth and Woszczyna [3], the appropriate ex-
pression (for l ≥ 2) is
l(l+ 1)Cl = 2pi
2l(l+ 1)
∫ ∞
0
dk
k
PR(k)I
2
kl , (18)
where Cl is the radiation angular power spectrum (de-
fined as usual as the ensemble average of the l-th mul-
tipole of the temperature anisotropy), and PR is the
spectrum of the time-independent primordial curvature
perturbation. The function I2kl is the ‘window function’
which indicates how a given scale k contributes to the Cl.
It is given by
3
qIkl =
1
5
Πkl(η0) +
6
5
∫ η0
0
drΠkl(r)F
′(η0 − r) , (19)
where in calculating the Ikl, one must use the mode
expansion appropriate to whether the mode is sub-
curvature or super-curvature.
In order to uncover the complete form of the window
functions for Ω0 < 1 it is necessary to evaluate them
numerically, both for sub- and super-curvature modes.
We show the window functions corresponding to the first
three multipoles in Figure 1, for the case Ω0 = 0.2. As ex-
pected, they behave smoothly across the curvature scale
k = 1.
The window functions show that if the spectrum con-
tinues to be flat or falling as one goes to larger scales,
then there will be little effect from the large scale modes,
and so the large angle cosmic microwave anisotropy will
indeed be dominated by modes of order the Hubble scale.
Only if the spectrum rises can the effect of very large
scales be significant. This is true regardless of the value
of Ω0.
III. THE SUB-CURVATURE SCALE
GRISHCHUK–ZEL’DOVICH EFFECT
We are interested in the effect on the microwave
anisotropies of scales far bigger than the observable uni-
verse. If Ω0 is close to one the curvature scale becomes
large compared with the size of the observable universe,
giving the possibility that the large scales can still be in
the sub-curvature regime. We consider this first, moving
on to the question of the super-curvature regime in the
following Section. We shall see that in the limit Ω0 → 1,
only the sub-curvature effect is important.
As we have chosen the scale factor a to be equal to
the curvature scale, the limit Ω0 = 1 corresponds to the
limit a → ∞. Since a physical wavenumber is k/a and
a physical radial distance is ar, it also corresponds to
k →∞ and r → 0 with kr fixed. One can identify q with
k in this limit, and the radial functions are related to the
spherical Bessel functions by
Πkl(r)→
√
2
pi
kjl(kr) . (20)
The correlation function expression becomes the usual
〈f(1)f(2)〉 =
∫ ∞
0
dk
k
Pf (k)
sin(kr)
kr
, (21)
and the relation between R and the curvature scalar be-
comes
4k2Rklm/a
2 = δR
(3)
klm . (22)
The integral in Eq. (19) vanishes and one finds
l(l + 1)Cl =
4pi
25
l(l + 1)
∫ ∞
0
dk
k
PR(k) j
2
l (η0k) . (23)
If the curvature perturbation spectrum is scale indepen-
dent this gives a constant value of l(l+ 1)Cl
l(l + 1)Cl =
2pi
25
PR , (24)
which is consistent with the COBE data [2].
We represent the effect of large scale modes by a delta
function contribution to the spectrum. We consider a
very large scale sub-curvature mode
PSUBR ≃ δ(ln k − ln kSUB)〈R
2〉SUB , (25)
where
1≪ kSUB ≪ a0H0 = (1− Ω0)
−1/2 . (26)
Since jl(x) ∝ x
l as x→ 0, the quadrupole dominates all
other multipoles and is given by
6CSUB2 =
148pi
1875
(
kSUB
a0H0
)4
〈R2〉SUB . (27)
This, in more modern and precise notation, is the result
derived by Grishchuk and Zel’dovich [1] for the case Ω0 =
1.
In the COBE data the quadrupole is not markedly
higher than the others (quite the reverse if anything),
so we take the observational value of l(l + 1)Cl as an
upper limit on the effect. This gives
l(l + 1)CSUBl < 8× 10
−10 . (28)
We have taken the observational limit as that correspond-
ing to a flat spectrum evaluated for Ω0 = 1 with an upper
limit of 20µK on the expected quadrupole Q =
√
5C2/4pi
[14]. This leads to the bound
(
kSUB
a0H0
)2
〈R2〉
1/2
SUB < 6× 10
−5 . (29)
This bound was derived under the assumption that
kSUB is a large sub-curvature scale, kSUB ≫ 1, which is
consistent with Eq. (29) only if 1 − Ω0 <∼ 10
−4〈R2〉
−1/2
SUB .
As we shall see in Section V, the biggest permissible
geometry distortion corresponds to 〈R2〉SUB ∼ 1, and
with this value consistency requires 1 − Ω0 <∼ 10
−4. In
words, a curvature perturbation of order unity on sub-
curvature scales is allowable only if Ω0 is very close to
one [7]. This is to be expected, since otherwise there are
no sub-curvature scales much bigger than the observable
universe.
IV. THE SUPER-CURVATURE SCALE
GRISHCHUK–ZEL’DOVICH EFFECT
If Ω0 is not close to one, scales far larger than the
observable universe are necessarily much bigger than the
4
curvature scale, corresponding to super-curvature modes
with 0 < k ≪ 1. We again consider a delta function
power spectrum, given by
PVLR ≃ δ(ln k − ln kVL)〈R
2〉VL , (30)
where kVL is a scale satisfying 0 < kVL ≪ 1. The ef-
fect of such a contribution was investigated qualitatively
in Refs. [3,12], but here we present a full quantitative
calculation and also explain more fully the physical sig-
nificance of the result.
The limit of small k can be taken partly analytically,
though one can obtain the same results by numerical cal-
culation from the full expressions given above. In this
limit, Πk0 → 1, but the other radial functions are pro-
portional to k. It is convenient to define
Nl ≡ lim
k→0
kNkl , (31)
Π˜l ≡ lim
k→0
Π˜kl/k
2 , (32)
from which one finds
Nl =
√
2
pi
l∏
n=2
(n2 − 1)−1/2 (l ≥ 2) . (33)
and
Π˜1(r) =
1
2
[
coth r −
r
sinh2 r
]
, (34)
Π˜2(r) =
1
2
[
1 +
3(1− r coth r)
sinh2 r
]
. (35)
The other radial functions follow from the recurrence re-
lation
Π˜l(r) = −l(l − 2) Π˜l−2(r) + (2l− 1) coth r Π˜l−1(r) .
(36)
Using these results, the contribution to the mean square
multipoles becomes
l(l + 1)CVLl = l(l+ 1)N
2
l B
2
l k
2
VL〈R
2〉VL , (37)
where
Bl ≡
1
5
Π˜l(η0) +
6
5
∫ η0
0
dr Π˜l(r)F
′(η0 − r) . (38)
By evaluating the full expressions in Eq. (18) numerically,
we have found that these limits are an excellent approxi-
mation for calculating Cl, at least for the low multipoles
we consider. For kVL ≤ 0.1 the approximation is good to
within a few percent for any reasonable Ω0.
A. The shape of the spectrum
In the case Ω0 = 1 the Grishchuk–Zel’dovich effect
comes entirely from the sub-curvature modes that we
discussed in the previous Section, and is present only
in the quadrupole. It was noted in Refs. [3,12] that
for Ω0 < 1, on the other hand, the super-curvature
Grishchuk–Zel’dovich effect is present in all multipoles∗.
However, in those papers the l dependence was not eval-
uated.
For Ω0 close to one, it can be shown analytically that
CVLl ∝ (1 − Ω0)
l, so that the quadrupole dominates.†
The prefactor can be evaluated analytically, yielding
6CVL2 ≃
64
625pi
k2VL〈R
2〉VL (1− Ω0)
2 , (39)
12CVL3 ≃
4096
30625pi
k2VL〈R
2〉VL (1− Ω0)
3 . (40)
We have confirmed that our numerical code reproduces
these coefficients. It demonstrates that these expressions
are very accurate for Ω0 > 0.9, and still a reasonable
approximation for Ω0 = 0.8 .
For Ω0 significantly below one, numerical calculation is
essential. In Figure 2 we show the shape of the radiation
power spectra for several different values of Ω0, normal-
ized such that all have the same C2. One sees a com-
plicated behaviour, which is not so surprising since stan-
dard calculations of the multipoles using spectra of sub-
curvature modes already show a very complex behaviour
with Ω0 even if only the Sachs-Wolfe terms are included
[6,13]. Unusual behaviour is particularly marked for
Ω0 ≃ 0.35; an ‘accidental’ suppression of the quadrupole
even from curvature-scale perturbations, due to cancella-
tion between the ‘intrinsic’ and ‘line-of-sight’ terms, has
already been noted [7]. For this Ω0 the contribution of
very large scales to the octopole is considerably larger
than that to the quadrupole.
A question one would like to address is whether for
any Ω0 the shape induced by the super-curvature modes
resembles the shape observed by COBE. A convenient
way of characterizing the observed shape is to note that it
is compatible with the one induced in an Ω0 = 1 universe
by power-law spectra of density perturbations, with the
spectral index n roughly constrained to a range 0.7 to 1.4
about the Harrison–Zel’dovich value n = 1 [14]. As we
have remarked, the assumption of n = 1 leads to l(l+1)Cl
being constant. We have illustrated the allowed slopes of
the spectra in Figure 2 for comparison.
∗As Ω0 becomes small, the actual pattern produced by a
single infinite scale mode becomes a hot (or cold) spot on the
sky of angular size ∼ 80Ω0 degrees [9].
†This result that the quadrupole dominates refers to the very
large scale super-curvature modes corresponding to k ≪ 1.
In the previous Section we found that the quadrupole also
dominates for large scale sub-curvature modes corresponding
to 1 ≪ k ≪ a0H0. It also dominates for the intermediate
scales k ∼ 1; the origin of this result is that for small r,
both sub- and super-curvature modes have the same leading
behaviour when expanded in small |q|r.
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We find that over very short ranges of multipoles it
is possible for the Grishchuk–Zel’dovich effect to mimic
the observations, which is not possible in a flat universe.
However, for no value of Ω0 is the spectrum sustained as
approximately flat even over just the limited range up to
l = 10. We conclude then that the Grishchuk–Zel’dovich
effect cannot be responsible for the entire shape of the ra-
diation power-spectrum (a conclusion which will surprise
nobody!), but that it remains possible for some fraction
of the measured multipoles to be due to this effect. In
the flat space limit only the quadrupole can be partly
generated this way.
B. The amplitude of the spectrum
Earlier papers [3,12] assumed that the quantities Nl
and Bl are roughly of order one for low multipoles. How-
ever, we find considerable cancellations in Bl and in fact
their typical sizes are somewhat smaller. Continuing with
the choice of a delta function power spectrum, we eval-
uate them numerically and compare the anisotropies to
the observational limit, demanding again that they be
less than the observed value
l(l+ 1)CVLl < 8× 10
−10 . (41)
In Figure 3 we plot the dependence of the l = 2, 3,
4 and 5 multipoles on Ω0. In accordance with Eq. (37),
l(l + 1)Cl scales with k
2
VL〈R
2〉VL, so we have plotted it
normalized by this quantity. Near Ω0 = 1, the analytic
approximations of Eqs. (39) and (40) can be used.
By taking the upper limits on the Grishchuk–
Zel’dovich effect given above, one can obtain a maxi-
mum permitted value for k2VL〈R
2〉VL, as a function of
Ω0, and this is plotted in Figure 4. We have imposed
the constraint on multipoles up to l = 6 rather than just
the quadrupole, since the ‘accidental’ cancellation of the
quadrupole for Ω0 ≃ 0.35 would otherwise distort the
constraint.
We see from Figure 4 that for 0.25 <∼ Ω0
<
∼ 0.8 the
bound is fairly constant
k2VL〈R
2〉VL <∼ 10
−6 . (42)
For Ω0 < 0.25 it becomes more severe. On the other
hand, for 0.8 <∼ Ω0 < 1, the dependence of Eq. (39)
yields
k2VL〈R
2〉VL <
3× 10−8
(1− Ω0)2
. (43)
These bounds were derived under the assumption that
kVL ≪ 1, so Eq. (42) is automatically satisfied if
〈R2〉VL <∼ 10
−6 and Eq. (43) is automatically satisfied
if 〈R2〉VL <∼ 10
−8/(1 − Ω0)
2. As we shall see later, the
biggest permissible geometry distortion corresponds to
〈R2〉VL ∼ 1. Even with this maximal value, Eq. (43) is
automatically satisfied if 1 − Ω0 <∼ 10
−4; in this regime,
the maximal geometry distortion is allowed on all super-
curvature scales with kVL ≪ 1. This result is hardly
surprising, since super-curvature scales move off to infin-
ity in the limit Ω0 → 1.
The bound can also be written in terms of k/(aH),
which is the physical wavenumber in Hubble units. For
0.25 <∼ Ω0
<
∼ 0.8 it becomes
k2VL
a20H
2
0
〈R2〉VL <∼ 10
−6(1− Ω0) , (44)
and for 0.8 <∼ Ω0 < 1 it becomes
k2VL
a20H
2
0
〈R2〉VL <∼
3× 10−8
1− Ω0
. (45)
Provided Ω0 is not too close to one, then, assuming
the maximal value 〈R2〉VL ∼ 1, these results say that
that the inverse wavenumber must be at least about a
thousand times the Hubble distance (for Ω0 > 0.25).
As Ω0 approaches one, the bound weakens slowly. At
1−Ω0 ≃ 10
−4, it requires the inverse wavenumber to be
at least a factor of about a hundred times the Hubble
distance, and by this time super-curvature scales are far
enough outside the observable universe to automatically
satisfy this requirement.
V. PHYSICAL INTERPRETATION OF THE
BOUNDS
In order to interpret these bounds physically, we have
to explain the meaning of the curvature perturbation R,
showing that within the context of a homogeneous Gaus-
sian random field it can be at most of order one.
For this physical interpretation, we assume that the
observed curvature perturbation is a typical realization
of a homogeneous Gaussian random field not only within
the observable universe, but also in a far bigger region,
much bigger in fact than the correlation length.
Even though the background space has negative curva-
ture, the presence of a large perturbation can render re-
gions of the universe positively curved. Moreover, within
a region no bigger than the correlation length the cur-
vature is practically homogeneous so that we are dealing
with a practically homogeneous space just as in the un-
perturbed universe. But in a homogeneous space with
positive curvature scalar R(3), the biggest sphere that
can be drawn has radius d given by‡
‡This equation follows from the positive-curvature version of
Eq. (1), given by sinh→ sin, corresponding to the maximum
value r = pi. When it is small, R(3)d2 is a linear measure of the
geometry distortion within the sphere so that for instance the
area of the sphere is equal to (1−2R(3)d2) times its Euclidean
value 4pid2.
6
R(3)d2 = pi2/6 ∼ 1 . (46)
In other words, positive curvature inside a given sphere
cannot exceed this value. One can say that for bigger
positive curvature, space would ‘close in on itself’, in-
dicating that our underlying assumptions break down.
What we are going to do is demonstrate that, at least
for a perturbation coming solely from a single scale, this
requirement is equivalent to R <∼ 1.
The situation is different for sub- and super-curvature
scales, and we begin by considering the former. In that
case the correlation length dVL, defined as the distance ar
within which correlation function Eq. (21) is practically
constant, is simply the inverse wavenumber
dSUB = a k
−1
SUB . (47)
Within a typical sphere of this radius R is practically
constant, and the curvature scalar given by Eq. (15) is
4R = d2SUBδR
(3) . (48)
If R ∼ 1 the perturbation δR(3) always dominates the
background value R(3) = −6/a2 because kSUB ≫ 1.
According to the linear cosmological perturbation the-
ory that we are invoking in this paper, the actual value of
R within a randomly located sphere of fixed radius has
a Gaussian probability distribution.§ Taken literally the
linear theory therefore predicts the existence of regions in
whichR≫ 1, in contradiction with the physical interpre-
tation of that quantity. It follows that at least within the
framework that we are adopting the mean square contri-
bution 〈R〉2SUB cannot exceed one.
∗∗ With this maximal
value, Eq. (29) becomes
dSUB >∼ 130H
−1
0 . (49)
This discussion of the sub-curvature case has led to no
surprises. Consider now the super-curvature case, corre-
sponding to the scale kVL ≪ 1. From Eq. (13) it follows
that the correlation length is now given by
§In referring to a ‘randomly located’ sphere we are taking for
granted the ergodic property, which is essentially the state-
ment that choosing a randomly located sphere for a fixed real-
ization of the random field is equivalent to choosing a random
realization of the field at a fixed location. Only in the latter
case is the Gaussian property an immediate consequence of
our assumptions. However the ergodic property can be proved
[15] under weak assumptions for a Euclidean geometry corre-
sponding to Ω0 = 1, and we see no reason to suppose that it
fails for the case of curved space.
∗∗In what follows we assume that linear cosmological per-
turbation theory is valid right up to this maximum value, or
in other words that it is valid as long as it predicts only rare
regions of space with the unphysical value R >∼ 1. This seems
very likely because there is no obvious criterion which would
indicate earlier non-linearity. In particular, on the large scales
that we are considering the fractional density perturbation
Eq. (17) on comoving hypersurfaces is small if R is small.
dVL = a0 k
−2
VL . (50)
This differs from the Euclidean result through the ap-
pearance of k2 instead of k. As pointed out in [3], the
different power can be understood from the different re-
lation between volume and area.††
Within a sphere whose radius is of order dVL, the cor-
relation length R is practically constant and so is the
corresponding curvature scalar given by Eq. (15) as
12R ≃ a2δR(3) . (51)
Since the background curvature is R(3) = −6/a2 we see
that 2R is equal to the fractional change in the geom-
etry distortion. It will be negative in some regions and
positive in others, but on scales much bigger than the
curvature scale the background distortion is huge (the
ratio of area to volume is exponentially large compared
with the Euclidean ratio). As a result the maximum al-
lowed positive value of R is again of order one and we
again require for the mean square 〈R2〉VL <∼ 1. But this
maximal value now corresponds to a huge distortion of
the geometry.
For the maximal super-curvature geometry distortion
〈R〉2VL ∼ 1, the correlation length must satisfy
dVL >∼ 10
6H−10 (1− Ω0)
−1/2 , (52)
if 0.25 <∼ Ω0
<
∼ 0.8, and
dVL >∼ 4× 10
7H−10 (1− Ω0)
3/2 , (53)
if Ω0 >∼ 0.8. As stated earlier, this second bound is auto-
matically satisfied in the extreme case 1− Ω0 <∼ 10
−4.
To summarize, if there is a maximal geometry distor-
tion on a super-curvature scale, then this scale must
be more than a million times the Hubble distance if
Ω0 = 0.25. As Ω0 rises the constraint weakens, but
only in the extreme regime 1−Ω0 <∼ 10
−4 does it disap-
pear completely, so that all super-curvature correlation
lengths dVL are allowed. This is just the regime in which
one can have maximal geometry distortion also on sub-
curvature scales, provided that the correlation length is
more than a hundred times the Hubble distance.
VI. DISCUSSION
While it remains possible that some component of the
observed cosmic microwave background anisotropies is
due to the Grishchuk–Zel’dovich effect, there is no evi-
dence that this is the case and so at present one is left
††In Eq. (50) of Ref. [3], the symbol f should be replaced by
ξ.
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with a null result. In absolute generality, this null re-
sult tells us nothing at all about the nature of the uni-
verse beyond our horizon. This is because the observed
anisotropies are due entirely to the spatial and tempo-
ral variation of the curvature perturbation at or within
the last scattering surface; anything could happen to it
immediately outside our observable universe without any
effect being noticeable. In order to say anything further,
one must adopt the hypothesis that even far beyond the
observable universe the curvature perturbation is a typi-
cal realization of a homogeneous Gaussian random field.
In that case one expects to be able to break the pertur-
bation up into modes including very large scale modes,
and the Grishchuk–Zel’dovich effect then dictates how
rapidly the perturbations may reach large amplitudes as
one goes to large scales. Although there is no way of test-
ing whether the random field hypothesis is actually cor-
rect, the idea that the curvature perturbation is of such
a form is the basis for most work in large scale structure.
It makes particular sense in the case of a flat universe;
remembering that the horizon scale at last scattering is
much smaller than at present, it would be strange for the
hypothesis to only break down at precisely the present
epoch. In the case of an open universe, the hypothesis
seems a priori more restrictive, because the geometry has
selected out a special scale, the curvature scale, beyond
which different physics might apply.
While our results have been framed in a particularly
general manner, it is interesting to consider their implica-
tions in the context of open universe inflationary scenar-
ios. The motivation in the early papers on the open uni-
verse Grishchuk–Zel’dovich effect [5–7] was an attempt
to render unlikely the prospect of open universe infla-
tion, which at that time was modeled as chaotic inflation
of sufficiently short duration that the universe was not
forced to spatial flatness [16]. This was on the grounds
that such inflation could not explain the homogeneity of
the universe in a comoving region bigger than the Hubble
distance at the beginning of inflation (and hence on any
comoving scale where the curvature is significant). How-
ever, in the strictest sense as discussed above, the absence
of the Grishchuk–Zel’dovich effect cannot be construed as
evidence that the universe is indeed homogeneous in such
a region. These papers also failed to provide a complete
treatment; Turner [5] ignored spatial curvature and none
of Refs. [5–7] included super-curvature modes.
More interesting are the recently discussed ‘single-
bubble’ models of open inflation [17–22], which are ca-
pable of erasing large scale perturbations even above the
curvature scale while still resulting in an open universe.
This undermines the original motivation of the early work
on the Grishchuk–Zel’dovich effect, but at the same time
offers a new motivation, because it appears possible for
super-curvature modes to be generated in such models.
Indeed, in Ref. [19] a primordial spectrum for such mod-
els is calculated and, provided the inflaton mass is suffi-
ciently small, it includes a single discrete super-curvature
mode (which approaches k = 0 in the massless limit) as
well as a continuum of sub-curvature modes. This ties in
nicely with our delta-function analysis. In Ref. [22] the
microwave anisotropies for such a composite spectrum
are calculated, and as far as we can ascertain from their
figures their results are in good agreement with ours.
In conclusion then, we have confirmed that, even in
an open universe, the low multipoles of the observed mi-
crowave anisotropies cannot be due solely to an adia-
batic density perturbation on scales much larger than
the observable universe, given the usual assumption that
the perturbation is a typical realization of a homoge-
neous Gaussian random field. We have also provided
limits as to how quickly the typical amplitude of pertur-
bations can reach unity as one moves to larger scales.
Although the entire observed anisotropies cannot be due
to the Grishchuk–Zel’dovich effect, it remains possible
that some component of them does have such an origin.
This may be the case in the ‘single-bubble’ models of
open inflation.
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APPENDIX: THE DIPOLE CONTRIBUTION
In this paper so far, we have made the usual assump-
tion that the monopole and dipole are subtracted from
observations before a comparison with theory is made.
The motivation for ignoring the dipole is that in standard
flat space scenarios with scale-invariant density perturba-
tions, the observed microwave anisotropy dipole will be
dominated by our own peculiar motion relative to the last
scattering surface as induced by nearby perturbations,
and hence the ‘Sachs–Wolfe’ microwave dipole is not ob-
servable [23]. However, a large scale perturbation such
as the one we are considering will generate both Sachs–
Wolfe and peculiar velocity dipoles, and one should check
that these are indeed small as compared to the observed
dipole, a velocity of about 400 kms−1 [2] which is equiv-
alent to C1 ≃ 2× 10
−6, in order to be sure that ignoring
the dipole is justified.
Considering only the Sachs–Wolfe dipole, given by the
l = 1 version of Eq. (18), it seems on the face of it that the
worst problem is in the flat space limit, since C1 ∝ (1 −
Ω0), while the higher Cl are proportional to (1−Ω0)
l [see
Eqs. (39) and (40)]. It therefore appears that the dipole
will be much larger than the quadrupole and thus may
provide a stronger constraint. However, it is well known
that in flat space the Sachs–Wolfe dipole from a very
large perturbation is exactly cancelled by the ‘peculiar
velocity’ dipole caused by our peculiar motion induced
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by the same perturbation [23]. For Ω0 ≤ 1, our present
(physical) peculiar velocity is given by [24]
vi(η0) = −
2
3
G(η0)R,i , (A1)
where
G(η) = (cosh η − 1)
[
2
5
coth η F (η) +
2
sinh η
]
, (A2)
and F (η) is given by Eq. (16). Physically, the picture is
one of a gravitational potential gradient across our ob-
served universe; this leads to a redshift and blueshift of
light from opposite sides of the sky as it propagates to-
wards us, but the same gravitational potential is respon-
sible for our local peculiar velocity which for Ω0 = 1 has
an equal and opposite effect. Consequently, the leading
(1−Ω0) dependence in the dipole cancels out, and since
there is in fact no (1 − Ω0)
2 term the dipole is of order
(1 − Ω0)
3 and is much smaller than the quadrupole as
Ω0 approaches one. It therefore does not contribute any
additional constraint. We have confirmed this argument
by full numerical calculation of the different dipole terms.
Note that since both the sub- and super-curvature modes
have the same leading behaviour in the expansion in |q|r,
one need not distinguish which regime we are in.
We now check that the dipole does not give an addi-
tional constraint away from the flat space limit. Here it
is easiest to show that both the Sachs–Wolfe dipole and
peculiar velocity dipole are separately small, as we do not
need to rely on a cancellation.
First we consider the Sachs–Wolfe dipole, given by
Eq. (18). As we have already seen, for Ω0 away from
one all the multipoles l ≥ 2 are of the same order of
magnitude, and one expects this to be true also of the
dipole. We have verified this by direct evaluation; the
dependence of the Sachs–Wolfe dipole on Ω0 is similar to
the higher multipoles which were shown in Figure 3, and
it is never much larger than the higher multipoles.
We have evaluated the peculiar velocity for the same
choice of a delta function power spectrum, and find
that if one imposes the constraint from the quadrupole,
e. g. Eq. (42), then the peculiar velocity dipole is indeed
much smaller than the observed dipole. This is true even
for small Ω0.
In conclusion then, the anisotropy dipole is not con-
straining for any value of Ω0.
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FIGURE CAPTIONS
Figure 1: The window functions l(l + 1)I2kl for l = 2, 3
and 4 (from left to right), for the choice Ω0 = 0.2. The
curvature scale k = 1 is indicated by the thin vertical
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line.
Figure 2: The shape of the radiation angular power
spectra l(l + 1)Cl induced by a large scale delta func-
tion power spectrum, normalized to equal values of C2.
Shown are Ω0 = 0.8 (stars), 0.5 (squares), 0.4 (trian-
gles) and 0.3 (circles). The solid lines indicate the spec-
tra obtained in a flat universe from power-law pertur-
bation spectra with spectral indices n = 0.7 and 1.4,
which roughly indicate the range of slopes favoured by
the COBE data.
Figure 3: The behaviour of the multipoles as a function
of Ω0, normalized to the scale and magnitude k
2
VL〈R
2〉
of the delta function power spectrum. The multipoles
l = 2, 3, 4, 5 are indicated by solid, dashed, dot-dashed
and dotted lines respectively. For each multipole, there
is an Ω0 for which the ‘intrinsic’ and ‘line-of-sight’ Sachs-
Wolfe terms cancel exactly, which explains the complex
behaviour of the spectral shape shown in Figure 2. The
limiting behaviour as Ω0 → 1 can be computed analyti-
cally and is given in Eqs. (39) and (40) for l = 2 and 3.
Figure 4: Limits on k2VL〈R
2〉, derived via Figure 3,
based on current observational limits on l(l + 1)Cl <
8 × 10−10. This indicates how large a scale must be be-
fore a perturbation of, for example, order unity would
not have made itself apparent in the observed microwave
anisotropies. At large and small Ω0 the quadrupole pro-
vides the strongest constraint; the gradient discontinu-
ities are where there is a change in the multipole giving
the strongest constraint.
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